ABSTRACT When the desired output probability density function (PDF) is unknown, the active faulttolerant control (FTC) method for the non-Gaussian nonlinear singular stochastic distribution control (SDC) system is investigated in this paper. Algebraic constraints and the nonlinearity in singular systems make the design of fault diagnosis and fault-tolerant control more complex. Different from traditional static modeling methods, the linear fuzzy logic system is served for approximating the output PDF. Takagi-Sugeno (T-S) fuzzy model is used to describe the nonlinear system. Subsequently, a fuzzy descriptor fault diagnosis (FD) observer is used to provide the unknown fault information for the fault-tolerant controller design. Combining minimum entropy control and fault compensation algorithm, the minimum Shannon entropy fault tolerant control strategy is developed to compensate the performance losses caused by the fault. At last, simulation results are applied to demonstrate the effectiveness of the proposed algorithms.
I. INTRODUCTION
In some practical applications such as the pulp uniformity control in the process of paper-making, the particle uniformity control and the flame distribution control, the existence of nonlinear effects and non-Gaussian random variables will lead to non-Gaussian output. For these systems, the control target is the shape of the PDF of the output variable. As a result, the traditional control theory is no longer applicable to these systems. To address this problem, the control theory of the shape of the output PDF is formulated [1] , which is called the non-Gaussian SDC theory. The stochastic distribution system, which is comprehensively described by differential equations and algebraic equations, is called the singular SDC system. Compared with standard state space equations, singular systems are constrained by algebraic equations, which can describe real systems more accurately. The singular systems are useful for the analysis of the power system, the boiler coal combustion system [2] and the grinding system.
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Thus, the research on singular SDC systems has attracted more and more attentions.
The output PDF of the SDC system is usually obtained by complex partial differential equations. However, it is very difficult to apply the model directly. Therefore, it is necessary to establish a static model of the SDC system, that is, to realize the transition from the description of partial differential equation with complex implicit relation to the description of state space model with relatively simple decoupling. In [3] , [4] , the B-spline model is used to approximate the output PDF. The radial basis functions are employed to replace the B-spline basis functions for the output PDF approximation in [5] . The output PDF is usually a complex nonlinear function, and existing approximation methods are difficult to achieve high approximation accuracy. Compared with the B-spline functions, the fuzzy logic system (FLS) has simple structure and good performance for approximating nonlinear functions. In addition, the membership functions can be selected based on the actual experience of the experts. A novel approximation method based on the linear FLS is implemented to solve the problem in this paper.
Consequently, the task of the output PDF shape control can be reduced to the control of the fuzzy weight. By employing the approximation property of the fuzzy logic system, arbitrary complex nonlinear terms can be identified [6] . In addition, there are various kinds of fuzzy membership functions, which can be chosen according to practical problems [7] .
In order to achieve precise control, it is very important to establish an accurate model. T-S fuzzy model is provided as a method to describe complex nonlinear systems by using a series of fuzzy rules. The advantage of T-S fuzzy model is to make full use of the Lyapunov stability theory for the system analysis and controller design. Therefore, it is widely applied to many systems, such as singular systems [8] , timedelayed systems [9] , networked control systems [10] , [11] , and stochastic systems [12] - [14] . The Hankel-norm output feedback controller is designed for T-S fuzzy stochastic systems in [12] . The problem of tracking control is presented for the fuzzy-model based control system in [15] . Antidisturbance tracking control for a class of MIMO systems based on T-S fuzzy model is proposed in [16] . The problems of robust fault estimation and FTC for T-S fuzzy systems with time-varying state delay and actuator fault are addressed in [17] . Motivated by the above discussions, the T-S fuzzy model is adopted to identify the nonlinear dynamics of the system in this paper.
Security and reliability are fundamental for the normal operation of complicated SDC systems. The problem of FD and FTC for SDC systems has drawn increasing attentions. A lot of excellent results about FD problems for SDC systems have been obtained [18] - [20] . Active fault tolerant shape control techniques are studied with the fault diagnosis algorithms via the output PDF in [21] . In the above literatures, fault tolerant tracking control methods are usually studied on account of the known target PDF. The novel fault diagnosis approach and fault tolerant control law are proposed in [22] for the collaborative SDC system with time-delays. However, the objective output PDF is unknown in some cases. The control objective is to make the randomness of output variables be minimized rather than to track the objective output PDF. For SDC systems, the mean and variance can no longer accurately reflect the probabilistic characteristics of variables, and the new measure is needed to characterize the uncertainty of random variables. A new method based on the entropy concept is proposed [23] for non-Gaussian twoinput and two-output dynamic stochastic systems. However, a fault term is not considered in this system. The minimum entropy active FTC for general non-Gaussian SDC systems is proposed in [24] . For current FD and FTC methods of SDC systems (including general SDC systems and singular SDC systems), most of the considered dynamic systems are linear. In some nonlinear systems, it is assumed that the nonlinear term satisfies the Lipschitz condition, which leads to some limitations in the research results of fault diagnosis and faulttolerant control.
Therefore, it is necessary for us to consider novel and effective means of FD and FTC for nonlinear singular SDC systems. Different from the existing approaches to approximate the output PDF [25] , [26] , the linear fuzzy logic system is used to approximate the output PDF. The nonlinear dynamics of the non-Gaussian singular SDC system is identified by using the T-S fuzzy model. Consequently, a fuzzy descriptor FD observer is used to provide the effective fault estimation information for the fault-tolerant controller design. At last, the fault tolerant controller based on the minimum Shannon entropy is designed. The main contributions of this paper and advantages of the proposed method are summarized as follows 1) A novel method for approximating the output PDF based on the linear fuzzy logic system is proposed. The linear relationship between the output PDF and the fuzzy weight is established, and the approximation error is considered. The complex nonlinear singular SDC system is described as T-S fuzzy model, which provides a new approach for fault diagnosis and fault tolerant control of the system.
2) By designing a fuzzy singular fault diagnosis observer, the fault information can be estimated. The existence of the observer can be proved by the linear matrix inequality (LMI) theory and the Lyapunov stability theory.
3) A minimum Shannon entropy controller is reconstructed to make the performance index be minimized when the objective PDF is unknown.
II. MODEL DESCRIPTION
Denote y ∈ [a, b] as the uniformly bounded output of the dynamic stochastic system and u(t) is the control input. f (t) ∈ R 1×1 is the unknown fault. The probability P(a ≤ y ≤ b) can be depicted by the output PDF γ (y, u(t), f (t)), which can be defined as follows
In order to realize decoupling between the output PDF and the input, the output PDF γ (y, u(t), f (t)) can be approximated by the following fuzzy logic system
where k (u(t))(k = 1, . . . , N ) are the weight vectors and φ k (y)(k = 1, . . . , N ) are the pre-specified fuzzy basis function vectors, 0 (t) is the PDF approximate error and 0 (t) ≤ δ is satisfied, where δ > 0 is a constant. Denote
where µ F k s (y s ) are the pre-specified membership functions, M and N are the number of input variables of the fuzzy logic system and fuzzy rules, respectively. In particular, µ F k s (y s ) can be Gaussian membership functions or other various membership functions [7] . VOLUME 7, 2019 For the output PDF γ (y, u(t), f (t)), the following condition should be satisfied
where (2) can be described as follows
From (4), it can be obtained as follows
where
Once the above-mentioned FLS has been made for the PDF, we need to establish the dynamic model of the system in the following step. The T-S fuzzy model will be employed here to describe the dynamic model, which is expressed by a collection of If-Then rules.
The Fuzzy System Rule i: If ζ 1 is µ i1 and . . . and ζ p is µ ip , Then
where x(t) is the system state vector, V (t) is the output weight vector, A i , B i , H i and D i (i = 1, 2, . . . , l) are system parameter matrices. E is a singular matrix. ζ τ (τ = 1, . . . , p) are the measurable premise variables. µ iτ are the fuzzy rule sets. l is the number of the rules and p is the number of the priori variables. Through single point fuzzification, product reasoning and average weighted anti-fuzzification, the state equation of the fuzzy system can be expressed as follows
Furthermore, the following inequalities should be satisfied
Definition 1 [27] : The fuzzy system (10) is regular if there exists a constant λ such that
where det(·) denotes the determinant of the matrix. Definition 2 [27] : The fuzzy system (10) is impulse-free if there exists a constant λ such that
where deg(·) denotes the degree of the polynomial.
Remark 1: The fuzzy logic system is used to approximate the output PDF to improve the approximation accuracy and reduce the approximation error. However, the approximation error always exists in practical application. Therefore, it is more reasonable to consider the approximation error in this paper.
III. FAULT DIAGNOSIS
The object of fault diagnosis is to provide the estimation information of the fault for the active fault-tolerant controller design. Thus, the fuzzy descriptor FD observer is designed to estimate the magnitude of the fault, which consists of the fuzzy singular state observer and the fuzzy fault diagnosis law.
Fault Diagnosis Observer Rule i: If ζ 1 is µ i1 and . . . and ζ p is µ ip , Then
121138 VOLUME 7, 2019 where x e (t) is the estimation of the state, (t) is the residual value, f e (t) is the estimation of the fault, γ e (y, u(t)) is the estimation of γ (y, u(t)). L i , 1i > 0 and 2i are gain vectors to be calculated later. υ(y) is a pre-specified adjustment factor. The state equation of the overall fuzzy descriptor FD observer is expressed as follows
Then the residual signal (t) can be obtained as follows
a υ(y) 0 (t)dy, and the adjustment factor υ(y) is specified in advance as y.
Remark 2: The residual signal (t) = b a υ(y)(γ (y, u(t)) −γ e (y, u(t)))dy is considered in this paper, which is different from the traditional residual signal, where the pre-specified adjustment factor υ(y) cannot be equal to 1. This is because when υ(y) = 1, it can be easily obtained that (t) = 0. Since 0 (t) ≤ δ, the following equation is established (10)- (11), (19)- (23), the observation error system and the fault estimation error system can be represented as follows
Assumption 1 [28] , [29] : It is supposed that f (t) andḟ (t) satisfy the following conditions
where a 1 and a 2 are positive constants. Lemma 1 [30] : For matrices X , Y ∈ R n , M 1 , M 2 ∈ R n×n , the following inequality is satisfied for µ > 0
With the application of the proposed fault diagnosis algorithm (21) , it is supposed that there exists a common nonsingular matrix P that satisfies the following LMIs:
Then, the stability of the observation error dynamic system (26) 
By computing the time derivative of π, it can be deduced as followṡ
The following inequalities can be obtained by using Lemma 1
By applying the Schur complement Lemma, 1 < 0 can be obtained. When ē(t) > 2 −λ max ( 1 ) is satisfied, thus we haveπ ≤ 0, which ensures that the observation error dynamic system (26) is stable.
Remark 3: The effect of approximation error of the output PDF to the stability analysis of the observation error dynamic system is well considered. According to the analysis in Theorem 1, the existence of the fault diagnosis observer and the stability of the observation error dynamic system can be confirmed.
IV. FAULT TOLERANT CONTROL DESIGN
In order to achieve the control objective of minimizing the uncertainty of output variables, the minimum Shannon entropy FTC is introduced when the desired PDF is not known. The control law with the constraint of the mean is redesigned to minimize the performance index for the postfault SDC system.
There are non-singular matrices Q it ∈ R n×n (i = 1, 2, . . . , l) and P it ∈ R n×n (i = 1, 2, . . . , l) with Definition 1 and Definition 2 satisfying the following equations [28] Q it EP it = I q 0 0 0 (34)
where A i1 ∈ R q×q .
The following state coordinate transformation is given as follows
where x 1 ∈ R q , x 2 ∈ R n−q . When no fault occurs, the following transformed system can be obtained aṡ
(37)
can be obtained as follows
Denote the instant performance index as follows
where µ = b a yγ (t)dy, µ g is the target mean value, G = G T > 0 is the pre-specified matrix. The terms on the right side of (41) are the Shannon entropy of output variables, which is used as a measure of the uncertainty of random variables, the mean value constraint and the natural quadratic constraint.
Remark 4: Since the Shannon entropy is a concave function, it is difficult to find the minimum value point. The mean represents the central position of the random variable, so it is more reasonable to consider the uncertainty of the random variable in a fixed position.
The partial derivative of the performance function J (t) with respect to the control input u(t) can be formulated that
Setting the partial derivative of the performance function J (t) to be equal to zero, it can be obtained that
The minimum Shannon entropy controller without fault in system (10) is considered as follows
When fault occurs, the following minimum Shannon entropy fault-tolerant controller is considered to compensate the performance losses caused by the fault
where u S is the controller in the normal case, and the fault compensation controller u C is designed with the following structure
where K i are the designed fault compensation controller gains, which need to satisfy the condition that
The fault-tolerant control algorithm described by (45) incorporates a fault estimation scheme in the controller to provide online estimation of the actuator fault for the purpose of autonomous control reconfiguration. The fault compensation controller can automatically reduce the performance losses caused by the fault.
Remark 5: There is other entropy that can be used to represent the uncertainty of random variables, such as r − Renyi entropy (r stands for the order of Renyi entropy). r − Renyi entropy is the extension of Shannon entropy . Shannon entropy is the special case of r − Renyi entropy for r = 1. When r > 1, the performance index based on r − Renyi entropy will make the design of controller difficult to be achieved. Therefore, the performance index based on Shannon entropy is considered in this paper.
V. A SIMULATION EXAMPLE
A simulation example is given in this section, which demonstrates that the proposed algorithm is valid.
A nonlinear singular dynamic system is given as followṡ
The nonlinear term x 2 3 can be exactly represented as x 2 3 = h 1 (t) · 1 + h 2 (t) · 0, where h 1 (t) = x 2 3 (t) and h 2 (t) = 1 − h 1 (t) are pre-determined membership functions.
Here, actuator faults are considered. The following T-S fuzzy model is used to represent the nonlinear singular SDC system
The following non-singular matrices Q it (i = 1, 2) and P it (i = 1, 2) are considered as follows 
 
The value range of y is from 2 to 7, the membership functions µ F k (y) are considered as follows
The following observer gain vectors and learning operators can be obtained by solving LMIs To illustrate the effectiveness of the proposed fault diagnosis algorithm, the following two cases are considered. VOLUME 7, 2019 Case 1: Time-varying fault: The form of the time-varying fault is assumed as follows
The fault diagnosis results with the proposed fault diagnosis method are given in Fig. 1 when the desired PDF is unknown. The output PDF in the normal case is shown in Fig. 2. In Fig. 3 , the post-fault output PDF with the minimum Shannon entropy fault-tolerant control is still restored to its original shape, which shows that the good fault-tolerant performance can be gained by this method. Fig. 4 and Fig. 5 show that the response of entropy and the response of mean value with the fault-tolerant controller. The simultaneous result of the post-fault output PDF without the proposed fault tolerant control algorithm can be obtained as shown in Fig. 6 . From Fig. 3 and Fig. 6 , the whole control system can not work normally when the fault occurs. However, the performance losses can be compensated by the developed fault tolerant control algorithm. The response of the fault diagnosis result is given in Fig. 7 . Fig. 8 presents the response of the output PDF with the proposed fault-tolerant control method. Fig. 9 shows that the response of entropy with the fault-tolerant controller and Fig. 10 shows that the response of mean value with the faulttolerant controller. The simultaneous result of the output PDF without the proposed fault tolerant control algorithm is shown in Fig. 11 . By comparing Fig. 8 with Fig. 11 , the satisfactory fault-tolerant control effect can be obtained by the proposed algorithm.
Remark 6: From the simulation results, it can be seen that the approximation error of the output PDF will affect the control results to some extent. To design a more accurate approximation method to minimize the impact on the system is a research direction of our future work.
VI. CONCLUSION
The research on FD and FTC problem for the non-Gaussion nonlinear singular SDC system is explored. It is worth pointing out that the structure and research methods of nonlinear singular systems are more complicated than those of general systems. The static model based on the fuzzy logic system and the dynamic model based on T-S fuzzy model are established separately, which is beneficial to the implementation of the fault diagnosis and fault-tolerant control algorithm. The FD algorithm is presented by making use of a fuzzy descriptor FD observer, and the size of the fault can be estimated by using the algorithm. Consequently, the FTC approache based on the minimum Shannon entropy is implemented.
